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The microscopic coupled-channel calculation of inelastic proton scattering is performed for the
study of neutron excitations in 2+1 states of
18O, 10Be, 12Be, and 16C. Proton-nucleus potentials in
the coupled-channel calculation are microscopically derived by folding the Melbourne g-matrix NN
interaction with matter and transition densities of target nuclei obtained by the structure model
calculation of antisymmetrized molecular dynamics. The calculated result reasonably reproduces
the elastic and inelastic proton scattering cross sections, and supports the dominant contribution of
neutron in the 2+1 excitation of
12Be and 16C as well as 18O. Sensitivity of the inelastic scattering
cross sections to the neutron transition density is discussed. The exotic feature of the neutron
transition density with the amplitude in the outer region in 12Be and 16C is focused.
I. INTRODUCTION
Shape difference in proton and neutron matter distri-
butions in nuclei is one of the interesting phenomena in
unstable nuclei. To discuss the difference between the
neutron and proton deformation (or collectivity), the
neutron and proton transition matrix elements in the
ground-band 2+1 → 0+1 transition have been investigated
for a long time. In a naive expectation for ordinary nu-
clei with the same proton and neutron deformation, the
ratio of the neutron transition matrix element (Mn) to
the proton one (Mp) should be N/Z. However, the rela-
tion Mn/Mp ≈ Z/N is not satisfied even in stable nuclei
with the proton or neutron shell closure as reported in
Ref. [1]. For instance, in 18O and 48Ca, the ratio be-
comes significantly larger than N/Z, which indicates the
neutron dominance in the 2+1 excitation because of the
proton shell closure. The phenomena of the shape differ-
ence and/or the neutron dominance have been suggested
also in unstable nuclei such as 10Be, 12Be, and 16C [2–15].
Experimental information of the proton part Mp can
be directly obtained from the E2 strength. By contrast,
determination of the neutron part (Mn) is not easy even
for stable nuclei. Instead of direct measurements, ex-
periments of inelastic hadron scattering have been per-
formed using such probes as α, proton, neutron, and
pi−/pi+. By combining the hadron scattering data with
the electromagnetic data, Mn and Mp have been dis-
cussed based on reaction analysis (see Refs. [1, 16] and
references therein). For 18O, the neutron matrix element
of the 2+1 → 0+1 transition has been intensively investi-
gated, and the anomalously large value of Mn/Mp ≈ 2
has been reduced from the inelastic scattering data [16–
19] consistently with B(E2) of mirror transitions of 18Ne
and 18O [20].
In study of unstable nuclei, the neutron collectiv-
ity, i.e., the Mn/Mp ratio has been investigated ex-
tensively with the inelastic proton scattering experi-
ments in inverse kinematics using radioactive ion beam
[3, 7, 9, 12, 21–32]. However, the reaction analysis still
contains model ambiguities, for instance, in the proton-
nucleus optical potentials, which are phenomenologically
adjusted usually to elastic scattering cross sections but
the applicability has not been well tested for inelastic
scattering off exotic nuclei.
Recently, triggered by the complete microscopic fold-
ing model calculation by the Melbourne group [33, 34],
the microscopic description of proton-nucleus [35–38] and
α-nucleus [37, 39] elastic scattering, without any free ad-
justable parameter and phenomenological parametriza-
tion, has been developed. Very recently, the frame-
work was successfully applied to α-nucleus inelastic pro-
cesses [38, 40–42]. One of the advantages of this approach
is that, once reliable densities of target nuclei are given,
there is no adjustable parameter in the reaction part. As
for the structure part, proton and neutron matter and
transition densities are obtained by microscopic struc-
ture model calculations, which describe characteristics of
nuclear properties such as the cluster, deformation, and
neutron skin structures in target nuclei.
In this paper, we investigate the inelastic proton scat-
tering to the 2+1 states of
18O, 10Be, 12Be, and 16C with
the coupled-channel (CC) calculations of the microscopic
single-folding model using the Melbourne g-matrix effec-
tive NN interaction [33]. The proton and neutron matter
and transition densities of the target nuclei are calcu-
lated with antisymmetrized molecular dynamics (AMD)
[43–45]. As test cases, we first show application to the
proton scattering off Z = N nuclei, 12C and 16O. Then,
we apply the same method to the proton scattering off
18O, 10Be, 12Be, and 16C. The sensitivity of the 2+1 cross
sections to Mn and Mp is analyzed while focusing on the
neutron-proton difference in the transition densities in
12Be and 16C.
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2The paper is organized as follows. The next section de-
scribes the present framework of the microscopic coupled-
channel (MCC) calculation and that of the structure cal-
culations for target nuclei. Results of 12C and 16O are
shown in Sec. III, and results and discussions for the
N 6= Z case of 18O, 10Be, 12Be, and 16C are given in
Sec. IV. Finally, a summary is given in Sec. V.
II. METHOD
The present reaction calculation for the proton scatter-
ing is the MCC calculation of the single-folding model.
As inputs from the structure calculations, the target den-
sities are calculated with AMD combined with and with-
out the cluster model of the generator coordinate method
(GCM). The AMD and AMD+GCM calculations of tar-
get nuclei are the same as those of Refs. [4, 41, 42, 46–48].
The definitions of densities and form factors in the struc-
ture calculation are explained in Ref. [41]. For details,
the reader is referred to those references.
A. Microscopic coupled-channel calculation
The diagonal and coupling potentials for the nucleon-
nucleus system are microscopically calculated by folding
the Melbourne g-matrix NN interaction [33] with the
target densities described in Sec. II B. The Melbourne g
matrix is obtained by solving a Bethe-Goldstone equa-
tion in a uniform nuclear matter at given incident en-
ergy; the Bonn-B potential [49] is adopted as a bare NN
interaction. In Ref. [33], the Melbourne g-matrix inter-
action was constructed and applied to a systematic in-
vestigation on proton elastic and inelastic scattering off
various stable nuclei and some neutron-rich nuclei at en-
ergies from 40 MeV to 300 MeV. The nonlocality coming
from the exchange term was rigorously treated and the
central, spin-orbit, and tensor contributions were taken
into account. As a result, it was clearly shown that the
microscopic calculation with the Melbourne g matrix for
the proton-nucleus scattering has predictive power for
the proton-nucleus elastic and inelastic cross sections and
spin observables. Later, the framework was applied also
to proton inelastic scattering off 10C and 18O [34].
In the present study, we adopt a simplified single-
folding model described in Ref. [35]. We employ the
Brieva and Rook (BR) prescription [50–52] to localize the
exchange terms. The validity of the BR localization for
nucleon-nucleus scattering was confirmed in Refs. [35, 53]
and for nucleus-nucleus scattering in Ref. [54]. This sim-
plified single-folding model has successfully been applied
to nucleon-nucleus elastic scattering for various cases [35–
38]. In this study, we extend the model to proton in-
elastic scattering in a similar manner to in our recent
studies on α inelastic scattering [41, 42]. To avoid com-
plexity, we take into account only the central part of the
proton-nucleus potential. The spin-orbit interaction is
known to smear the dip structure of the diffraction pat-
tern in general. Although at higher energies, say, above
150–200 MeV, it can somewhat affect the absolute am-
plitudes also near the peaks, such effect is expected to be
minor in the energy region considered in this study. As
in the previous studies including that by the Melbourne
group [33], the local density approximation is adopted to
apply the g-matrix interaction to a finite nucleus.
The cross sections of the elastic and inelastic scattering
are calculated by the CC calculations using the proton-
nucleus potentials obtained with the AMD densities for
18O, 10Be, 12Be, and 16C, and the AMD+GCM densities
for 12C and 16O. For 12C, we also use the densities of a
3α-cluster model of the resonating group method (RGM)
[55].
It should be commented that a similar approach of
the MCC calculation with the Jeukenne-Lejeune-Mahaux
(JLM) interaction [56] has been applied to the pro-
ton inelastic scattering off 10Be and 12Be in the ear-
lier work by Takashina et al. [11]. It was used also
in continuum-discretized coupled-channels calculation for
nucleon-induced breakup reactions of 6,7Li [57–59] and
11Li [60]. The JLM interaction is another kind of the g-
matrix effective interaction that has only the direct term.
This property allows one to implement it to reaction cal-
culation with the minimal task. On the other hand, in
general, phenomenological tuning of the JLM interaction
is necessary to fit the scattering data.
B. Structure calculations for target nuclei
For the structure calculation of the target nuclei, we
adopt the AMD wave functions obtained by the variation
after projections (VAP). In the AMD+VAP method, the
variation is performed for the spin-parity projected AMD
wave function as done in Refs. [61, 62]. The method was
applied for the structure studies of 10Be, 12Be, and 16C in
Refs. [4, 46, 47]. In the present paper, the same method
is applied to 18O to obtain the wave functions of the
0+1 and 2
+
1 states. For
12C and 16O, the AMD+VAP
method is combined with the 3α- and 12C + α-cluster
GCM, respectively, as done in Refs. [41, 42, 48, 63, 64].
In this paper, we simply call the AMD+VAP “AMD”
and that with the cluster GCM “AMD+GCM”.
The AMD wave functions used in this paper are in
principle the same as those of Refs. [47, 61]. We utilize
the 10Be wave function for 10C by assuming the mirror
symmetry. For 16C, the VAP(c) wave function of Ref. [4]
is adopted. The wave functions and transition densities
of 12C and 16O are consistent with those of AMD+GCM
used for the α scattering in Refs. [41, 42].
The neutron and proton matter and transition densi-
ties are calculated with the AMD and AMD+GCM wave
functions. We denote the neutron and proton transition
densities as ρtrn (r) and ρ
tr
p (r), respectively. For N = Z
nuclei (12C and 16O), half of isoscalar density is used
as the proton (neutron) density in the mirror symme-
3try assumption. For quantitative discussions of inelastic
cross sections, we scale the original transition densities
ρtr-calp (r) to adjust the theoretical B(Eλ) values to the
experimental data as
ρtrp (r) = (M
exp
p /M
cal
p )ρ
tr-cal
p (r) (1)
Here the rank λ (λ > 0) transition matrix elements for
the neutron and proton parts are defined as
Mn,p ≡
∫
r2+λρtrn,p(r)dr (2)
and related to the transition strengths as
B
(n),(p)
λ =
1
2Ji + 1
|Mn.p|2, (3)
where Ji is the angular momentum of the initial state.
The E2 transition strength is given by the proton λ = 2
transition strength as B(E2) = e2B
(p)
λ=2.
The adopted states in the CC calculation for 10Be,
12Be, 16C, and 18O are 10Be(0+1,2, 2
+
1,2,3),
12Be(0+1,2, 2
+
1,2),
16C(0+1 , 2
+
1,2), and
18O(0+1 , 2
+
1 ). All λ = 0 and λ = 2 tran-
sitions between these states are taken into account. The
experimental values of excitation energies are adopted as
inputs of the CC calculation.
In the CC calculations for 12C and 16O, all the inputs
from the structure part such as the adopted states, exci-
tation energies, and transitions are the same as those
used for the α scattering with the AMD+GCM wave
functions in Refs. [41, 42].
As shown later, the CC effect gives only minor contri-
bution to the inelastic scattering to the 2+1 state at inci-
dent energies higher than 25 MeV, and the cross sections
are approximately described by the one-step process of
the distorted wave Born approximation (DWBA).
III. RESULTS OF 12C AND 16O
The 0+1 and 2
+
1 cross sections of
12C at incident energies
Ep = 35, 65, and 135 MeV are shown in Fig. 1, and
those of 16O at Ep = 35 and 135 MeV are shown in
Fig. 2. In addition to the CC calculation, the one-step
cross sections obtained by the DWBA calculation are also
shown. The small difference between the CC and DWBA
cross sections indicates that the CC effect is minor.
The AMD+GCM result of 12C is compared with ex-
perimental data and also with the calculation with the
RGM density. From the electron scattering data, the
RGM density is known to be good in quality and bet-
ter than the AMD+GCM density [41, 55]. As seen in
Fig. 1, the present calculation with the AMD+GCM den-
sity reproduces well the elastic proton scattering cross
sections of 12C at forward angles, but somewhat under-
estimates the third peak. A better result is obtained
by the calculation with the RGM density, consistently
with Ref. [38]. The inelastic proton scattering cross sec-
tions of 12C(2+1 ) are described reasonably well with the
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FIG. 1: Cross sections of the elastic and inelastic proton scat-
tering off 12C at Ep = 35 MeV, Ep = 65 MeV (×10−2), and
Ep = 135 MeV (×10−4) calculated with the AMG+GCM and
RGM densities. The results of the CC and DWBA calcula-
tions with the AMD+GCM densities and the CC calculation
with the RGM densities are shown by red solid, blue dotted,
and magenta dashed lines, respectively. The experimental
data are from Refs. [65–69].
AMD+GCM and RGM calculations except for the cross
sections at Ep = 35 MeV. The RGM density again gives
a better agreement with the data at large angles. This
result indicates that quality of the structure model den-
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FIG. 2: Cross sections of the elastic and inelastic proton scat-
tering off 16O at Ep = 35 MeV and Ep = 135 MeV (×10−2)
calculated with the AMG+GCM densities. The results of the
CC and DWBA calculations are shown by red solid and blue
dotted lines, respectively. The experimental data are from
Refs. [65, 70, 71].
sities can be tested by the detailed data of the proton
scattering. For the proton scattering off 16O, the present
calculation reproduces well the elastic and inelastic cross
sections (Fig. 2). It should be commented that the 2+1
state of 16O is not the ground-band member but belongs
to the 12C+α-cluster band built on the 0+2 state. The
present microscopic approach works well even for such
the developed cluster state with structure much different
from the ground state.
IV. RESULTS OF Z 6= N NUCLEI
A. Structure properties
The theoretical and experimental values of structure
properties of the target nuclei are listed in Tables I and
II. The energies are shown in Table I, and radii and
λ = 2 transition strengths as well as the Mn/Mp ratio
are shown in Table II. The structure calculation of 10Be,
12Be, and 16C are consistent with Refs. [4, 46, 47]. We
will describe detailed properties of the 0+1 and 2
+
1 states
and the transition between them later.
TABLE I: Binding and excitation energies of 18O, 10Be, 12Be,
and 16C. Theoretical values of 10Be, 12Be, and 16C are taken
from Refs. [4, 46, 47], and experimental values are from
Refs. [72–75]. The band assignment (Kpi) are given based
on the AMD calculation.
Energy (MeV)
Band AMD exp
18O(0+1 ) K = 0
+
1 131.1 139.80
18O(2+1 ) K = 0
+
1 2.0 1.98
10Be(0+1 ) K = 0
+
1 61.1 64.98
10Be(2+1 ) K = 0
+
1 2.7 3.37
10Be(2+2 ) K = 2
+ 6.8 5.96
10Be(0+2 ) K = 0
+
2 7.8 6.179
10Be(2+3 ) K = 0
+
2 9.0 7.54
12Be(0+1 ) K = 0
+
1 61.9 68.65
12Be(2+1 ) K = 0
+
1 1.8 2.11
12Be(0+2 ) K = 0
+
2 3.6 2.251
12Be(2+2 ) K = 0
+
2 4.6 −
16C(0+1 ) K = 0
+
1 102.6 110.75
16C(2+1 ) K = 0
+
1 2.4 1.77
16C(2+2 ) K = 2
+ 7.8 3.99
B. Results of 18O
In the 2+1 → 0+1 transition of 18O, the significant B(p)λ=2
has been experimentally known but it is much underes-
timated by the AMD calculation meaning that the pro-
ton excitation from the p-shell closure is not sufficiently
described in the theory. For the neutron part, the large
B
(n)
λ=2 of the AMD calculation indicates the neutron dom-
inance, which is qualitatively consistent with the mirror
transition of 18Ne [20] and the proton scattering experi-
ment [19].
The calculated densities and form factors of 18O are
shown in Figs. 3 and 4, respectively, together with
the data measured by the electron scattering experi-
ments. Here, the theoretical proton transition density
ρtr-calp (r) and form factors F
cal(q) are scaled by the fac-
tor M expp /M
cal
p = 3.88 as ρ
tr
p (r) = (M
exp
p /M
cal
p )ρ
tr-cal
p (r)
and F (q) = (M expp /M
cal
p )F
cal(q) so as to fit the experi-
mental B(E2) value. After the scaling, the experimental
5TABLE II: Matter, proton, and neutron radii, and transition
strengths of 18O, 10Be, 12Be, and 16C. Theoretical values of
the AMD calculation for 10Be, 12Be, and 16C are from Refs. [4,
46, 47], and experimental values are taken from Refs. [72–75].
The data of B
(p)
λ=2 = B(E2)/e
2 for 16C are the values reported
in Refs. [13, 76]. ∗ The experimental values of B(E2)/e2 of
the mirror nuclei (18Ne and 10C) are shown for B
(n)
λ=2 of
18O
and 10Be.
Rp (fm) Rn (fm) Rm (fm)
18O(0+1 ) 2.75 2.88 2.82
exp 2.62 2.83*mir 2.61(8)
B
(p)
λ=2 (fm
4) B
(n)
λ=2 (fm
4) Mn/Mp
18O(2+1 → 0+1 ) 0.7 18.6 5.4
exp 9.3(3) 50(5)*mir 2.3(2)*mir
Rp (fm) Rn (fm) Rm (fm)
10Be(0+1 ) 2.50 2.56 2.54
exp 2.17 2.30(2)
B
(p)
λ=2 (fm
4) B
(n)
λ=2 (fm
4) Mn/Mp
10Be(2+1 → 0+1 ) 11.6 8.9 0.9
exp 10.2(1.0) 12.2(1.9)*mir 1.1(1)*mir
10Be(2+2 → 0+1 ) 0.2 3.2 3.9
10Be(2+3 → 0+1 ) 0.1 0.7 2.5
10Be(2+3 → 0+2 ) 34.5 118 1.8
Rp (fm) Rn (fm) Rm (fm)
12Be(0+1 ) 2.67 2.94 2.85
exp 2.39 2.59(6)
12Be(0+2 ) 2.56 2.84 2.75
B
(p)
λ=2 (fm
4) B
(n)
λ=2 (fm
4) Mn/Mp
12Be(2+1 → 0+1 ) 14.4 51.1 1.9
exp 14.2(2.8)
12Be(2+2 → 0+1 ) 0.0 7.4 25.4
12Be(2+2 → 0+2 ) 7.5 9.0 1.1
Rp (fm) Rn (fm) Rm (fm)
16C(0+1 ) 2.58 2.85 2.75
exp 2.70(3)
B
(p)
λ=2 (fm
4) B
(n)
λ=2 (fm
4) Mn/Mp
16C(2+1 → 0+1 ) 2.7 27.0 3.2
exp [76] 2.6(9)
exp [13] 4.15(73)
16C(2+2 → 0+1 ) 2.6 0.1 0.2
data are reproduced well except for the small r (large q)
region.
For the neutron transition density ρtrn (r) of
18O,
we tentatively assume the mirror symmetry and scale
ρtr-caln (r) with the scaling factor M
exp
p (
18Ne)/M caln = 1.72
to prepare the default input ρtrn (r) in the reaction cal-
culation. However, if we take into account the mirror
symmetry breaking, another choice maybe possible, for
example, about a 10% smaller value than M expp (
18Ne)
was theoretically recommended for Mn(
18O) in Ref. [19].
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FIG. 3: Neutron and proton densities of 18O. (a) The neu-
tron and proton matter densities of the ground state, (b)
the neutron and proton transition densities for the 0+1 → 2+1
transition, and (c) the r2-weighted neutron transition density
calculated with AMD. The renormalized proton and neutron
transition densities adjusted to the experimental B(E2) of
18O and that of 18Ne are shown, respectively. The experi-
mental neutron transition density ρ
tr(p,p′)
n,exp reduced from the
(p, p′) scattering at E = 135 MeV/u [19] and the experimental
proton transition density ρ
tr(e,e′)
p,exp measured with the electron
scattering data [77] are also shown.
In Figs. 3(b) and (c), the default ρtrn (r) is compared
with the experimental estimation (denoted by ρ
tr(p,p′)
n,exp (r))
of Ref. [19], which was reduced from the inelastic pro-
ton scattering at E = 135 MeV/u by a model analysis.
ρ
tr(p,p′)
n,exp (r) gives B
(n)
λ=2 = 38 fm
4, which is slightly smaller
than B
(n)
λ=2 = 50 fm
4 of ρtrn (r) adjusted to B(E2;
18 Ne).
The 12% reduced transition density (0.88ρtrn (r)) gives the
same strengths (B
(n)
λ=2 = 38 fm
4) as ρ
tr(p,p′)
n,exp (r), but it
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FIG. 4: Elastic and inelastic form factors of 18O. The inelastic
form factors for 0+1 → 2+ are the renormalized ones adjusted
to experimental B(Eλ). The experimental data measured by
the electron scattering are from Ref. [77].
shows a different radial behavior from ρ
tr(p,p′)
n,exp (r). Com-
pared with the theoretical transition density, ρ
tr(p,p′)
n,exp (r)
has the smaller amplitude at the nuclear surface (r = 3–
4 fm) and enhanced outer tail in r & 5 fm region (see
Fig. 3(c)). In the reaction analysis, we consider this dif-
ference between ρ
tr(p,p′)
n,exp (r) and the default ρtrn (r) as a
model ambiguity from the neutron transition density.
We calculate the cross sections of the proton scatter-
ing at E = 24.5 MeV/u, 35 MeV/u, 43 MeV/u, and 135
MeV/u, and those of the neutron scattering at E = 24
MeV/u. They are compared with the experimental data.
The results are shown in Figs. 5 and 6. The calcula-
tion reproduces reasonably well the elastic and inelas-
tic proton scattering cross sections in the wide range of
E = 24–135 MeV/u. It also reproduces well the neutron
scattering cross sections at E = 24 MeV/u. In compari-
son with the DWBA calculation shown in Fig. 7, one can
see that the CC effect is minor in the 2+1 cross sections.
Let us discuss the ambiguity from the proton and
neutron transition densities. As shown previously, the
(scaled) proton part ρtrp (r) used in the present calcula-
tion reproduces well the experimental data measured by
the electron scattering, whereas the neutron part ρtrn (r)
has the r behavior different from the experimental one
ρ
tr(p,p′)
n,exp (r). In order to see the effect of this difference
in the neutron transition density to the inelastic cross
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FIG. 5: Cross sections of the elastic and inelastic proton scat-
tering off 18O at E = 24 MeV/u (×10), 35 MeV/u, 43 MeV/u
(×10−1), and 135 MeV/u (×10−2) calculated with the default
AMD densities (solid lines). The experimental data for E =
43 MeV/u are the cross sections measured in inverse kine-
matics. For the 2+1 cross sections, the calculated result with
the experimental neutron transition density ρ
tr(p,p′)
n,exp (r) and
that with the reduced neutron transition density 0.88ρtrn (r)
are also shown by dashed and dotted lines, respectively. The
experimental data are from Refs. [19, 21, 65, 78]
sections, we perform the same reaction calculation using
ρ
tr(p,p′)
n,exp (r) and 0.88ρtrn (r). Figures 5(b) and 6(b) show
7100
101
102
103
 0  20  40  60  80  100  120  140
18O(2+1)
(n,n’) 24 MeV/uc
ro
ss
 s
ec
tio
n 
(m
b/s
r)
θcm (degree)
default ρtrn
0.88ρtrn
ρtr(p,p’)n,exp
Grabmayr
(b)
100
101
102
103
 0  20  40  60  80  100  120  140
18O(0+1)
(n,n) 24 MeV/uc
ro
ss
 s
ec
tio
n 
(m
b/s
r)
θcm (degree)
default ρtrn
Grabmayr(a)
FIG. 6: Cross sections of (a) elastic and (b) inelastic neu-
tron scattering off 18O at E = 24 MeV/u. For the 2+1 cross
sections, the CC calculation with the experimental neutron
transition density ρ
tr(p,p′)
n,exp (r) and that with 0.88ρ
tr
n (r) are also
shown by blue dotted and light-blue dashed lines, respectively,
in addition to that with the default AMD densities (red solid
lines). The data are from Ref. [18].
respectively the proton and neutron scattering cross sec-
tions obtained with ρ
tr(p,p′)
n,exp (r) (light blue dashed lines)
and that with 0.88ρtrn (r) (blue dotted lines) in comparison
with the default calculation (red solid lines) and experi-
mental data. In the result of the proton scattering with
ρ
tr(p,p′)
n,exp (r), the cross sections at forward angle slightly de-
crease to 70% of the default calculation, and the second
and third peaks at the large angles are reduced further
to 40–60% of the default calculation. The reduction rate
at large angels is larger than the naive expectation of
38/50 ≈ 75% from the B(n)λ=2 ratio. It means that the
outer tail amplitude of the neutron transition density
gives relatively minor contribution to the proton scat-
tering cross sections than the surface amplitude though
it significantly enhances the Mn, i.e., B
(n)
λ=2. The cal-
culation with ρ
tr(p,p′)
n,exp (r) obtains better agreement with
the proton scattering data at least at E = 24.5 MeV/u
and 35 MeV/u suggesting that ρ
tr(p,p′)
n,exp (r) may be favored
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FIG. 7: Comparison of the CC and DWBA calculations of
the proton scattering off 18O with the default ρtrn (r). The
(a) elastic and (b) inelastic cross sections at E = 24.5 MeV/u
and 35 MeV/u are shown in comparison with the experimental
data [65, 78].
rather than the default ρtrn (r) used in the present calcula-
tion. It indicates that the proton scattering is a sensitive
probe for the neutron transition density. In contrast to
the proton scattering, the neutron scattering cross sec-
tions are not so sensitive to the difference in the neutron
transition densities as expected from the weaker nn in-
teractions than the pn ones.
C. Results of 10Be, 12Be, and 16C
The structure studies of 10Be, 12Be, and 16C with
AMD have been done in Refs. [4, 46, 47]. We here briefly
describe the structure properties, in particular, of the
ground bands in these nuclei.
In 10Be, the Mn/Mp = 0.9 of the ground-band tran-
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FIG. 8: Neutron and proton matter densities of the ground
states of (a) 10Be, (b) 12Be, and (c) 16C calculated with AMD.
sition 2+1 → 0+1 in the AMD calculation is smaller than
N/Z = 1.5 naively expected from the collective model
and in reasonable agreement with the experimental value
(Mn/Mp = 1.1) reduced from B(E2) of mirror transi-
tions. It indicates that the neutron excitation is some-
what suppressed compared with the proton excitation in
the 2+1 state. In addition to the 2
+
1 state of the ground
Kpi = 0+ band, the 2+2 state of the side band (K
pi = 2+)
is obtained because of the triaxial deformation. In the
higher energy region, the second Kpi = 0+ band with the
developed cluster structure appears.
In 12Be, the breaking ofN = 8 magicity is known in the
ground state from various experimental observations such
as the Gamov-Tellar transitions, inelastic scattering, and
knock-out reactions [3, 82–86]. The AMD calculation ob-
tains the largely deformed ground band (Kpi = 0+1 ) with
the dominant neutron 2~ω component. The ground-band
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FIG. 9: Neutron (ρtrn ) and proton (ρ
tr
p ) transition densities for
0+1 → 2+1 of (a) 10Be, (b) 12Be, and (c) 16C calculated with
AMD. The proton and neutron transition densities of 10Be
are renormalized to adjust the experimental B(E2) value of
10Be and that of 10C, respectively.
transition, 2+1 → 0+1 , is strong because of the large de-
formation compared with the weaker transition in the
Kpi = 0+2 band, which corresponds to the normal neu-
tron p-shell closed configuration. In particular, the neu-
tron transition is considerably strong because of the con-
tribution of two sd-orbit neutrons. The values of the
ratio Mn/Mp = 1.9 (Mn/Mp = 1.1) is obtained for the
Kpi = 0+1 (K
pi = 0+2 ) band. The ratio of the ground band
is as large as N/Z = 2 because of the breaking of the
N = 8 magicity.
In the case of 16C, the AMD calculation predicted the
weak proton transition in 2+1 → 0+1 because of the Z = 6
sub-shell closure. The observed B(E2) values are consis-
tent with the prediction. On the other hand, the neutron
transition is significantly large because of the contribu-
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FIG. 10: Cross sections of the elastic proton scattering off (a)
10Be at E = 60 MeV/u, (b) 12Be at E = 55 MeV/u, and (c)
10C at E = 45 MeV/u calculated by the CC calculation with
the AMD densities (red solid lines). The one-step cross sec-
tions obtained by the DWBA calculation are also shown (blue
dotted lines). The calculations are compared with the exper-
imental data measured in inverse kinematics of 10Be at 59.2
MeV/u[79], 12Be at 55 MeV/u[80], and 10C at 45.3 MeV/u[7].
tion of the sd-orbit neutrons, and results in the much
larger ratio Mn/Mp = 3.2 than N/Z = 1.67, i.e., the
dominant neutron contribution in the ground-band tran-
sition.
Figure 9 shows the neutron and proton matter densi-
ties of the ground state and the neutron and proton tran-
sition densities of the 2+1 → 0+1 transition of 10Be, 12Be,
and 16C. In 10Be, the proton and neutron transition den-
sities have the peak amplitude at the same position at
the nuclear surface and approximately satisfy the rela-
tion ρtrn (r) = (Mn/Mp)ρ
tr
p (r). By contrast, in
12Be and
16C, the neutron transition density shows the r behavior
quite different from the proton transition density. It has
the peak amplitude in r ≈ 3 fm region much outer than
the proton transition density because of the contribution
of the sd-orbit neutrons and no longer satisfies the rela-
tion ρtrn (r) = (Mn/Mp)ρ
tr
p (r). This is a different feature
from 10Be, where the protons and neutrons in the same
p shell contribute to the 2+1 excitation.
The proton scattering cross sections are calculated
with the AMD densities. For 10Be, the theoretical pro-
ton and neutron transition densities are renormalized to
fit the experimental transition strengths (B
(p),(n)
λ=2 ) by the
scaling factorsM expp,n /M
cal
p,n listed in Table II. For
12Be and
16C, we use the original AMD transition densities, which
reproduce well the experimental B(E2) values. The cal-
culated elastic and inelastic cross sections of 10Be at
E = 60 MeV/u, 12Be at E = 55 MeV/u, and 10C at
E = 45 MeV/u are shown in Figs. 10 and 11. They
are compared with the experimental data measured in
inverse kinematics. In Fig. 12, the calculated cross sec-
tions of 16C at E = 33 MeV/u are compared with the
experimental data. The present calculation reproduces
well the absolute amplitude of the 2+1 cross sections as
well as the elastic cross sections.
In Fig. 9(b) for 12Be, the DWBA calculation with the
neutron transition density ρtrn (r) = (Mn/Mp)ρ
tr
p (r) is also
shown. This calculation corresponds to the case with
the collective model transition density. Compared with
the result using the original AMD transition density, the
cross sections somewhat increase and the peak and dip
positions slightly shift toward larger angles.
For the neutron transition in 12Be and 16C, there is
no data from the mirror nuclei. The good reproduction
of the inelastic cross sections supports reliability of the
neutron transition densities adopted in the present cal-
culation, that is, the dominant neutron contributions as
Mn/Mp ≈ 2 and Mn/Mp ≈ 3 for 12Be and 16C, respec-
tively. This result is qualitatively consistent with those
in Refs. [9, 11]. It should be stressed again that phe-
nomenological adjustable parameters were needed in the
reaction models of Refs. [9, 11], but not in the present
model. For further detailed discussion of the transition
densities, higher quality data are required.
D. Discussions
We discuss how one can link the inelastic proton scat-
tering cross sections with the neutron transition matrix
elementMn of the 0
+
1 → 2+1 transition. The experimental
studies of Refs. [3, 9] have discussed the neutron matrix
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elements of 12Be and 16C with the reaction analysis of
the proton scattering data, and concluded the significant
neutron contribution in the 0+1 → 2+1 transition. Ac-
cording to the model analysis in Refs. [3, 9] using the
Bernstein prescription [1], B
(n)
λ=2 = 17 fm
4 of 12Be is ob-
tained by the reaction analysis using B(E2) = 14.2(2.8)
e2fm4, and B
(n)
λ=2 = 25 fm
4 of 16C is reduced using the
updated data of B(E2) = 2.6(9) e2fm4 [9]. The value of
16C is consistent with our value of B
(n)
λ=2 = 27.0 fm
4, but
the value of 12Be is much smaller than B
(n)
λ=2 = 51.1 fm
4
of the present calculation. In the theoretical study of the
proton scattering of 12Be with a MCC calculation using
the same AMD densities [11], the slightly smaller value
B
(n)
λ=2 = 37 fm
4 was favored to reproduce the inelastic
cross sections.
The reaction analysis with the Bernstein prescription
usually assumes the simple collective model transition
densities given by the derivative of the matter density,
and follows the relation of inelastic hadron (h, h′) scat-
tering cross sections with the transition matrix elements
as
σ(h, h′) ∝ |b(h,h′)n Mn + b(h,h
′)
p Mp|2, (4)
where b
(h,h′)
n and b
(h,h′)
p are the neutron and proton field
strengths of the external field from the hadron probe.
For the proton scattering, b
(p,p′)
n /b
(p,p′)
p depends on the
energy. A standard value b
(p,p′)
n /b
(p,p′)
p ≈ 3 at E = 10–50
MeV/u, which was obtained from the data of various or-
dinary nuclei, is often used. The Bernstein prescription
has been widely used for the inelastic proton scattering,
but it greatly relies on the reaction model, which contains
ambiguity such as the proton-nucleus optical potentials
and the transition densities. The ansatz of Eq. (4) means
the linear relation of the squared cross section with the
neutron (Mn) and proton (Mp) transition matrix ele-
ments. The ratio b
(p,p′)
n /b
(p,p′)
p indicates the sensitivity
of the cross sections to the neutron transition matrix
element (Mn) relative to the proton part (Mp), and is
supposed to be system independent. The linear relation
could be valid only if the relation ρtrn (r) ∝ ρtrp (r) is satis-
fied.
However, it is not the case with 12Be and 16C, for which
the neutron transition density has the outer amplitude
than the proton part. Such the exotic behavior of the
neutron transition density may give non-trivial effects on
the relation between the cross sections and the transition
matrix elements (Mn and Mp). To see this effect we
microscopically derive the ratio b
(p,p′)
n /b
(p,p′)
p within the
present MCC approach and discuss how the sensitivity of
the cross section to Mn changes depending on the system
as well as on the incident energy.
Here we assume that the AMD calculation gives cor-
rect r dependence of the ρtrn (r) and ρ
tr
p (r) but contains
ambiguity of the overall factor in each of the neutron and
proton parts. By artificially changing the overall factor of
ρtrn (r) or ρ
tr
p (r), we calculate the integrated cross sections
and reduce the coefficients in the relation
σ(p, p′) = |a(p,p′)n (AZ,E)Mn + a(p,p
′)
p (
AZ,E)Mp|2. (5)
Here a
(p,p′)
n and a
(p,p′)
p are the system- and energy-
dependent parameters determined from the calculated
cross sections. The ratio a
(p,p′)
n /a
(p,p′)
p is nothing but the
ratio b
(p,p′)
n /b
(p,p′)
p to be discussed.
In Fig. 13, we show the obtained result of
b
(p,p′)
n /b
(p,p′)
p = a
(p,p′)
n /a
(p,p′)
p for each systems, 18O, 10Be,
12Be, and 16C, with the default transition densities by
open squares, crosses, filled circles, and filled triangles,
respectively. For 12Be and 16C, we also show the re-
sult for the naive case of ρtrn (r) ∝ ρtrp (r) by open cir-
cles and triangles, respectively, which are obtained by
the MCC calculation using ρtrn (r) = (Mn/Mp)ρ
tr
p (r). In
all the cases, the calculated values of b
(p,p′)
n /b
(p,p′)
p show
similar energy dependence, i.e., decreasing with the in-
crease of E. This energy dependence mainly comes from
the energy dependence of the effective g-matrix NN in-
teractions. In fact, if the nucleon-nucleus optical poten-
tials fixed at E = 60 MeV/u is used, b
(p,p′)
n /b
(p,p′)
p varies
slightly from 1.90 (1.64) to 1.89 (1.57) in the energy range
30–120 MeV/u for the proton scattering off 10Be (12Be).
At each energy, almost the same values of b
(p,p′)
n /b
(p,p′)
p
are obtained for 18O and 10Be, and also by the calculation
with the ρtrn (r) = (Mn/Mp)ρ
tr
p (r) assumption for
12Be
and 16C. These values can be regarded as standard val-
ues for ordinary systems with ρtrn (r) ≈ (Mn/Mp)ρtrp (r).
However, in the exotic case ρtrn (r) 6= (Mn/Mp)ρtrp (r) of
12Be and 16C with the default transition densities, the
values of b
(p,p′)
n /b
(p,p′)
p significantly deviate from the stan-
dard values: they are smaller than the standard values
by about 0.3 indicating that the sensitivity of the cross
sections to Mn is by about 15% weaker than the ordi-
nary case of ρtrn (r) = (Mn/Mp)ρ
tr
p (r). The reason for the
weaker sensitivity of the cross sections is that the outer
amplitude of the neutron transition density significantly
contributes to Mn but does not so much to the cross
sections.
This result may suggest a possible modification of
the phenomenological reaction analysis. For simplicity,
let us suppose that there is no ambiguity in the re-
action model except for the neutron transition density
ρtrn (r), and other inputs are so reliable that the model
can properly reproduce the cross sections for the ordi-
nary case. If one performs an inconsistent analysis using
ρtrn (r) = (Mn/Mp)ρ
tr
p (r) for the exotic case, one could
draw an underestimated value of Mn from the observed
cross sections.
V. SUMMARY
We investigated the proton inelastic scattering off 18O,
10Be, 12Be, and 16C to the 2+1 states with the micro-
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scopic coupled-channel calculation. The proton-nucleus
potentials are microscopically derived by folding the Mel-
bourne g-matrix NN interaction with the AMD densities
of the target nuclei. The calculated result reasonably re-
produces the elastic and inelastic proton scattering cross
sections, and supports the dominant neutron contribu-
tion in the 2+1 excitation of
12Be and 16C. In order to
discuss the detailed behavior of transition densities, fur-
ther high quality data of the differential cross sections
are required.
The sensitivity of the inelastic scattering cross sections
to the neutron transition density was discussed. A par-
ticular attention was paid on the exotic systems such as
12Be and 16C that the neutron transition density has the
remarkable amplitude in the outer region than the pro-
ton part. This outer amplitude of the neutron transition
density significantly contributes to the neutron matrix
element Mn. However, its contribution to the inelastic
cross sections is quite modest because the reaction pro-
cess considered has no strong selectivity for the outer re-
gion. This result indicates that a phenomenological anal-
ysis with the Bernstein prescription is no longer valid.
Our finding will suggest that a phenomenological anal-
ysis with collective model transition densities can result
in an undershooting of Mn for such exotic systems.
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Appendix A: Resummation factor in the folding
model calculation
According to the multiple scattering theory for
nucleon-nucleus scattering constructed by Kerman, Mc-
Manus, and Thaler [87], the transition matrix T is given
by
T =
A
A− 1T
′, (A1)
where A is the mass number of the nucleus and T ′ is
the transition matrix corresponding to the Schro¨dinger
equation
[
K + h+
A− 1
A
A∑
j=1
τj − E
]
Ψ = 0. (A2)
K is the kinetic energy operator, h is the internal Hamil-
tonian of the nucleus, E is the total energy, and Ψ is
the total wave function. τj is the effective interaction be-
tween the incident nucleon and a nucleon inside the nu-
cleus, which is approximated to the Melbourne g-matrix
NN interaction in this study. The two factors, A/(A−1)
in Eq. (A1) and (A − 1)/A in Eq. (A2) appear as a re-
sult of the resummation of the NN collisions originally
written in terms of a bare NN interaction. Although
these resummation factors usually do not play a role, for
nucleon scattering off a light nucleus especially at low en-
ergies, these may slightly modify the result as shown in
Ref. [38]. These factors are taken into account in all the
calculations shown in the present calculation.
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FIG. 11: Cross sections of the inelastic proton scattering to
the 2+1 state of (a)
10Be at E = 60 MeV/u, (b) 12Be at E = 55
MeV/u, and (c) 10C at E = 45 MeV/u calculated by the CC
calculation (red solid lines). The one-step cross sections ob-
tained by the DWBA calculation are also shown (blue dotted
lines). In the panel (b) for 12Be, the DWBA calculation using
the neutron transition density ρtrn (r) = (Mn/Mp)ρ
tr
p (r) is also
shown for comparison (a magenta dash-dotted line). The cal-
culations are compared with the experimental data measured
in inverse kinematics of 10Be at 59.2 MeV/u[3], 12Be at 53.8
MeV/u[3], and 10C at 45.3 MeV/u[7]. For the inelastic scat-
tering of 10Be(12Be), θlab is kinematically limited within 5.6
(4.7) degrees, but the data contain effects of finite size and
angular spread of the incident beam, multiple scattering in
the target, and detector geometry.
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FIG. 12: (a) Cross sections of the elastic proton scattering off
16C at E = 50 MeV/u and (b) those of the inelastic scatter-
ing at E = 33 MeV/u calculated by the CC calculation with
the AMD densities (red solid lines). The one-step cross sec-
tions obtained by the DWBA calculation are also shown (blue
dotted lines). The calculations are compared with the exper-
imental data [9, 81] measured in inverse kinematics. For the
inelastic scattering, θlab is kinematically limited within 3.6
degrees but the data contain effects of finite size and angular
spread of the incident beam, multiple scattering in the target,
and detector geometry.
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FIG. 13: b
(p,p′)
n /b
(p,p′)
p ratio of the proton scattering at E = 30
MeV/u, 45 MeV/u, 60 MeV/u, 80 MeV/u, 100 MeV/u, and
120 MeV/u. The values for 18O (magenta open squares), 10Be
(green crosses), 12Be (red filled circles), and 16C (blue filled
triangles) calculated with the default densities, and those for
12Be (red open circles), and 16C (blue open triangles) of the
ρtrn (r) = (Mn/Mp)ρ
tr
p (r) case are shown.
